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On the construction of new optimal asymmetric quantum error-correcting codes
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Abstract;: Asymmetric quantum error-correcting codes form an important class of quantum codes. Since

the error probability of bit-flip is less than the error probability of phase reversal, quantum error cor-

rection should take into account the asymmetric quantum channel. In this paper, based on typical con-

stacyclic codes over finite field, two classes of asymmetric quantum error-correcting codes are obtained

according to the CSS construction. These asymmetric quantum error-correcting codes are new in the

sense that their parameters are not covered by the codes available in the literature and they are also op-

timal due to the fact that they achieve the Singleton bound of asymmetric quantum error-correcting

codes.

Key words: asymmetric quantum error-correcting code; constacyclic code; CSS construction; Singleton

bound

o 5 =5

SCHRLL 25 1 T ) R 22 S 2 A i A4 3 3 X6
RS CSS M1 s, 48 1 F o8 X AR
T AR 0 T B L (H A AR SRR B A Sk
[2 3 3 Yy PRSEBGUE B , i HA PG A IR EL T
T BHEE IR R A PR KAR 2 s & T A
NIXFAEX AR 18 P QA A9 . 2215
P TR TR 1 R AR Y R X AR 2 A
i, 4 512 LDPC % f1 BCH gk )3z i A T3k

5 H#9:2022-01-19
E&TH: HEARFAEL I H (12271137)

KRR BT LA A R 1 5 ScikLe R AR BOUL
faT SR AR XS R BT 2 B0, R 3 T — 262
B AR X R B 7 2 B SCRRL7 e F, Bl e
KRG SCR - 45 Tk A b i A X Pk e 5
ANBERS E T TT I . IS - A5 TP SR BT B XS
PR O R R ok v ok SRR &
S IS T 2 R AR X FR T 2 5
% s SCHRL 12 TANSCRRT 13 150 0 1 FH 228 L 1) 3 1 36
WA TE T 6 20 2 R fe I A AR X B 1 A1 505 5
SCHRL L4 R 2 S i) B PR AL SE 1 2 RN

YEEZ R MBS (1995—) I L A BN A B Tl K2 A
TR (1986, B BN N A A Tl K R % A A .



286 ARe Tk K AR AAF A

5 46 %

(¢"+1>/5 W I i AE % B it 2 0 5 SCiik 15 ]
FFHAENE P 1 1 — S L AR R AR B -2 4
fith s SCHRL 16 170 F 8 e i) o B R A AL 38 1 LR K
Hn=(g"+1)/a WHTHIET MDS 5,

% ERTAER &K ASCHE A Fp B R H T
MHe3E T 2 2K n=(¢" + 1 /a W 0 et AE
PR T A, o g A R TR a =
(m*+1)/2.m=3 K&,

1 EatsniR

BEFREA ¢ DITR A BRI Hod ¢ 2
RN R. DR

X = (IO 91‘17"'917,71)7
Y= (osyistey, ) € Fe
FEKRF N FRE LN -

(x,y) = 235 Tyt o+ 2,090 € Fzo

(s y) =0, WFR ) i x, y KFJEKFFNF
B, Fp BEBECOHn kLRI C 2 Fp Y &
HeFsti] . SRR n g - e RS C Bk
RSB E LT

Ctn ={x € F: | {x.y) =0, Yy € C},

#r Fr BERA n (AR C Wi CSCrn
PR C oAJEAKFF A IEALH

B Ep RN 0 (AR C 1E o L1 g%
PEAEFEAL Cepocrsrac, ) > (g cmyscys ey
Coo) FIEAZR MFR C o F 2 Y 5 - H PE3
i g J& Fp A% ic. B— M5 o=
(coscyseeeac, J%B%ﬁl‘?ﬁ%ﬁiﬁiﬁ c(x)=c,+
et toe, 2 ETERT B Fela]/(a"— vl
e CORMLT o ) -3 T, AT
WL Fp B R n ZRPERS C 2 o H IS 2 HAL
W C R F 2 2]/ 2 — o B 5 5
Fplal/(a"—p R F B, B AR H 2" —
p WE — SRR Bl C=(f (o)) H f(2) |
)0 BT BEH C B R ETIR
i C 4EBch n—k, Hi k=deg(f(2)),

3|2 1 (Singleton FHOM  #% C & Fe b
sl dJRAERD U] k<n —d + 15 ¢ Jil L, #5555
JSL S BRI MDS i,

BHRAL, Fp b oy - W06 0 JE K 5 X8
iy CHnfg y “HAEHG., & o & Fp PRARR
T BE gedna) =1, 8 p=w" ' NTTTH 7' =
LR, Fp b g -8 0GRS A JE K X A C e
ST - WAEMY . g WG AE A o LR Y

BCH #.

5138 2 (W E R 0 BCH $OMY %
ged(g.m) =1, C=<(g(x) & Fp EKhn H
g O MIRK (6" |0<<i<<d — 2} 1) 9 - H GRS,
Hodr 6 2 rn IRAS G EAALAR ) C AR /NEE 2 2 /0
Hd.

L Q={1+ir| 0<<n—1} XFAEEW j€Q,
2 C T 7 B B B E W m, () =
Hhe(?j (=)= 2" -7 EEF, EWE—AA4H
Fo A C MR —p EF B AR
B, & CREF; EHZHA g(O)ARPKA n
() - W AREL MRS Z={€Qlg(&) =0} F R
C 5 SUHE. AR C e SUEE R 1 ¢° - 53[5
B I4E, B dim(C)=n— | Z],

T2 AR X R S A B B SRR 56
P

EX 1™ —A ¢ ondE X Fr i T 255 Q.
iﬂﬂ?[[n»k 7(12/611]](1 9%%%{E¢%§I‘Eﬂ H 1 —~
q" YEFos A, HAE A IE 1 HURR B 4 R B
LCd, —1)/2 | Be 2 T oA B st i 2L (o, —
D/2 .

EIE 1(CSS O % C BB BCN .
k; 7d,']([2 MMkl , i =1,2, # Cl‘ neC,, iy
FAE—NZHON [ [noky TRy —nod./d, T] . B93F
RS , Ko d. = wt (C,\Cli) 5 d, =
wt(C\Cy1)

X F—MZHON[nk,d./d, 1] ) CSS IR
YR T S nkd. Fld, ZEIEK
RAATHMEE L.

Efi ZM %ﬁfﬂ?*/l\i;‘ﬁ%j[["vkwd:/
d, 1] i CSS xR 7 21 5D Q. U Q i 24k
X FR & Singleton Ft, BAK N .

k<n—d,—d,+2,

Feih . g k=n—d.—d,+2 .5 Q N
e s AR X FR i MDS 4,

2 RRIEXFREFLUBBAIIIE

ARSCHF 2 M) PRI G 2 KN
n=(q"+1)/a WA Fr i T2 5505, Hrp g
KB TT e va=(m" +1)/2.m=3 NEFH,
SRR a| (g8 al (g—m) . LLF43iX 2 Ff
THIEHFATINIE
2.1 BRIEMNHREFHUBEBHOEE |

A Y al (gm) B Al AR iR w72



% 2 H

FBEEE 5 AT AR AR AR 2 T 2 A D ey My ik

287

B ROR I L et — A T

SIE 3™ g REHRBMI Fal (¢t
m) sa=(m*+1)/2,m=3 J#k.n=_"+1)/a,
k=" +1D/2, #HCRF: EKNn o’ WG
g, HHE LR Z= Uf:o ck*(qul)j s Hd 0<
0<(mg—1)/2a—1, 0 C*n CC,

EE3 Wq 2T REW IR al (gtm),
a=m*+1)/2,m=3 H&EFE . n=(¢"+1)/a, N
HBHaESH N nn—2(+t+1), (2s+2)/
2e+2) 11 BYFEXT PR &8 5 A 555, Horp 5o S IE
R, H 0<r<s<<(mq—1)/2a—1,

MR B A= (g +1)/2.C, & Fp F K%
n=(g"+1/a B q¢"-Thw’ - HEIEHFL, HHE X
£l Z,=Ui, Ck*(qul)i’:/H\:EF' O=<<t<<(mg—1)/
2a— 1,0 C, 4EH A n— (2t + 1), EEF Z,
AL 20+ 1 SRR

{(k—(qg+ Dty sb—(qg+ 1D, kk+(g+ 1),
ekt (g+ Dty
B 1. C R NIE R 20y 2e+2, A4
1B 2 Al 45, C, BR/NIER y 2 +2, AL G,
BEBEAnan— (2t+2),2t+2] 21 ¢ - T’ '~
CEENER

% C & Fp ERRn=("+1/a g’ -
" ~HAEY, HoE XER Z=U ck*(zﬁrl)[’
Hor 0<r<ls<<(mg—1)/2a—1, 5 C, Wittt
©LL.C BAESHnon—2s+2),2s+2]:. HE
B AR AESEON [ non—2(s+1t+ 1), (2s+
2)/t+2) 1]z AR FR T 2 5

SEHL 3 Y AR X BR B T A B 2 d. 1
d,=2s+2t+4=n—k+2, HEM 2 A8, S5
Kl nsn—2C+e+1,(2s+2)/(2t+2) ]2 BAE
Xof e M A itk SR X AR T 2 AR S 1Y Sin
gleton Ft, [ X SR XS PR T2 i .

Bl &m=5, q=31. 0 n=74, K " -
AR C, BE XEN Z,=C = {481}, 0] C,
JEBHONT4.73. 2] B9 MDS 1, 8% o -
T3 C, #y5E AN -

Zy, = Ci UCu UCpyy UGy UGy U
Cizn U Cogy U Coyp =
{481,289,321,353,385,417,449,
481,513,609,641,673,705},

W C, BZBHN[74.59,16 1, 9 MDS 5, h
SEBL 3 M AAESHONLL74,58,16/2] ] 1Y
AR X PR 75 . W T C fC AN

7 (42 SO 19 B e AR X PR 7 Al B, WL
1.,

Fz1 KA 74K 961 TREIEXMREFLUEE

[[nokod./d, J]7

[[n.kod./d,J];2

[[717}%0{:/(11’]]42

[[74,72,2/2])] o1
[[74,70,4/2]] 5
[[74,68,6/2]] 451
[[74,66,8/2]] 461
[[74.64,10/2]] 4
[[74,62,12/2]] o5
[[74,60,14/2]] ¢61
[[74,58,16/2]] ¢61
[[74,68,4/4]] o5
[[74.66,6/4]] 61
[L74,64,8/4]] 461
[[74,62,10/4]] o5

[[74,60,12/4]] o5
[[74,58,14/4]] o5,
[[74,56,16/41] g5
[[74.64,6/6]] o1
[[74,62,8/6]] ¢
[[74,60,10/6]] 41
[[74,58,12/6]] g5
[[74,56,14/6]] 45
[[74,54,16/6]] o5
[[74,60,8/8]7 45,
[[74,58,10/817 451
[[74,56,12/8]7 4

[[74,54,14/8]] o5,
[[74,52,16/8]] 451
[[74,56,10/10]] o5,
[[74,54,12/10]] o5
[[74,52,14/10]] o1
[[74,50,16/10]] g5
[[74,52,12/12]] 45,
[[74,50,14/12]7 o5
[[74.48.16/12]] g
[[74,48,14/14]] 41
[[74,46,16/14]] o5,
[[74,44,16/16]] o5

2.2 BRMIEHREFYHEBRMIE [

AV Y al (q—m) B T AEXTR & 724
FERS R I L ol — A G B

I A g RAFRM TR al (q—
m)sa=(m"+1)/2,m=3 HHEE . n=("+1)/a,
k=g +1D/2, ZHCRF; FRAn " - FH1E
%ﬁ%sﬁ/ﬁ;ﬁ%%ﬁ Z= Uf:o G, <q+1>,"/ﬁ\:q:’ 0
0<(mg+1)/2a—1,0] C'nCC,

FRUER 3 IPNE . W IR T 458 .

EE4 BWqgRTRBHTR.al(g—m),
a=0m*+1) /2, Hd m=3 K&, & ="+
D/a . MEES B N (non—2G+t+1), (2s+
2)/2e+2) ] 12 BAEXS AR T A5 . o s O
TE#EE, H 0<t<s<(mq+1)/2a—1,

SEH 4 rp XS FR T SRR 2

d.+d, =2s+2t+4=n—k+2,

maEH 20/ . 28 N [ non—2G+He+ 1),
(2s+2)/e+2) 1] 2 W AER R 1 2 g5 ik 2k
XHFR R T A RS AY Singleton 5, P IIX LEAERT R
A R R .

B2 Hm=7.q=57. 0 n="74, R% -
WA C, 5E LN Z,=C s = {1 625}, )
Cy S HON[130,129, 2], 50 19 MDS 5. B
o - HIEH C, 1E LEH

ZZ - CI 625 U CI 567 U Cl 509 U Cl 451 U C] 393 U
Cisgs U Croz U Ciayy =
{1219,1227,1 335,1 393,1 451,1 509,1 567,
1625,1 683,1 741,1 799,1 857,1 915,1 973,2 031},
W C, FESHR[130,115,16 J; 1, 9 MDS 15, i



288

Gk K FIRCH KAF RO

%46 %

FERL 4 HN L AFAESHON130,114,16/2] 0, 100 Y I
PEARRFRi 75 . il T C) A C, ARE X

8 AR AAR X FR BT A5 DL 2 Frgl.

R2 KAI130H 3 249 TRMIEXMFREFLUED

[([nokod./d, ]2

[([nskod./d, ]2

[Cnkds /d, T2

[[130,128,2/2]71 5 429
[[130.126.4/2]] 3 429
[[130,124,6/2]] 3 429
[[130,122,8/2]] 3 429
[[130,120,10/2]] 3 429
[[130,118,12/2]] 3 429

[[130,116,12/417 3 429
[[130,114,14/4]7 5 429
[[130,112,16/4]7 3 49
[[130,120,6/6]] 5 429
[[130,118,8/6]] 3 429
[[130,118,10/6]] 3 429

[[130,110,14/8]7 3 429
[[130,108,16/8]7] 3 429
[[130,112,10/10]] 3 429
[[130,110,12/10]7 3 429
[[130,108,14/10]] 3 429
[[130,106,16/10]7 5 429

[[130,116.14/2]7 3 429
[[130.114,16/2]] 3 429
[[130,124,4/4]7 3 429
[[130,124,6/4]7 5 429
[[130,120,8/4]] 3 429

[[130,114,12/6]] 3 429 [[130.108.12/12]] 5 429
[1130.112.14/617 5 420 [[130.106.14/12]7 5 420
[1130.110.16/617 5 420 [[130,104,16/12]7 5 420
[[130.116.8/8]] 5420 [[130.104,14/1477 5 120
[[130,114.10/817 5 420 [[130.102.16/147] 5 420

[[130,118,10/4] 75 429 [[130,112,12/8] 75 429 [[130,100,16/16]]5 129

ASCFIHA BRI Fp b2 805 16 SR A5 44
BT 228KK R ="+ /a EALIEXT R &+
A, Hoh g HE RN B a=(m* +1)/2,
m=3 Jark. BT,

(D Y algtm bt FHESE N Lnon—
2Gs+ 1. (25 +2) /2t +2) 1] 2 B AR AR X FR
AR, o 0<r<s<<(mg—1)/2a— 1, 5.1
B IEEE

() Y alq=m) W HFHESE R [nn—
2Cs+ 1. (25 +2) /2t +2) 1] 2 BIER AR AR X FR
AR, o 0<r<s<<(mq+1)/2a— 1,5t
B IE S

(& % X W]

[1] STEANE A M. Simple quantum error correcting codes[ ] |.
Physical Review A,1997,54(6):4741-4751.

[2] 1OFFE L,MEZARD M. Asymmetric quantum error-correc-
ting codes[ J]. Physical Review A,2007,75(3):1-4.

[3] SARVEPALLIP K, KLAPPENECKER A, ROTTELER
M. Asymmetric quantum LDPC codes[ C]//Proceedings In-

ternational Symposium Information Theory. [S. I :s. n. |,

[4]

(5]

(6]

7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

2008:6-11.
ALY S A. Asymmetric quantum BCH codes[ C]//Proceed-
ings IEEE International Conference on Computer Engineer-
ing and Systems. [S. L. ;s. n. ],2008;157-162.
LA GUARDIA G G. New families of asymmetric quantum
BCH codes [ ] ]. Quantum Information and Computation,
2011,11(3/4):239-252.
WANG L,FENG K Q,LING S, et al. Asymmetric quantum
codes ; characterization and constructions| ] |. IEEE Transac-
tions on Information Theory,2010,56(6) :2938-2945.
EZERMAN M F. LING S. SOLE P. Additive asymmetric
quantum codes[ J ]. IEEE Transactions on Information The-
ory,2011,57(8):5536-5550.
LA GUARDIA G G. Asymmetric quantum Reed-Solomon
and generalized Reed-Solomon codes[ ] ]. Quantum Informa-
tion Processing,2012,11:591-604.
LA GUARDIA G G. Asymmetric quantum codes: new codes
from odd[J]. Quantum Information Processing, 2013, 12
2771-2790.
LA GUARDIA G G. On the construction of asymmetric
quantum codes [ ] ]. International Journal of Theoretical
Physics,2014,53(7):2312-2322.
CHEN J Z.L1J P,LIN J. New optimal asymmetric quan-
tum codes derived from negacyclic codes| ] ]. International
Journal of Theoretical Physics,2014,53(1):72-79.
WANG L. Q,ZHU S X. On the construction of optimal
asymmetric quantum codes [ J ]. International Journal of
Quantum Information,2014,12(3):1-11.
ZHANG G H,CHEN B C, LI L. C. New optimal asymmet-
ric quantum codes from constacyclic codes [ J]. Modern
Physics Letter B,2014,28(15) :1-9.
CHEN X J,ZHU S X,KAI X S. Two new classes of new
optimal asymmetric quantum codes[ ] ]. International Jour-
nal of Theoretical Physics,2018,57(6):1829-1838.
LV J J,LI R H, YAO Y. Quasi-cyclic constructions of
asymmetric quantum error-correcting codes[ J ]. Cryptog-
raphy and Communications,2021,13(5) :1-20.
GUO G M, LI R H,GUO L B. On the construction of
quantum MDS codes[ ] . International Journal of Theoreti-
cal Physics,2018,57:3525-3539.
MACWILLIAMS F J,SLOANE N J A, The theory of er-
ror-correcting codes| M ]. Amsterdam: North Holland Pub-
lishing Co. ,1977.317-331.
KAI X S,ZHU S X, LI P. Constacyclic codes and some
new quantum MDS codes[ ] |. IEEE Transactions on Infor-

mation Theory,2014,60(4);2080-2085.

(BTSRRI



